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z ∈ C Ç z¯ }m#k}Jym#~Q{}m¼yF~2ﬁ_l0§¨m#«xm5#F~M|k_kFÁ
,_k
Z ∈ Cn Çk_¸ Z = (zj)j=1,..,n Ç Z∗ = (z¯j)j=1,..,n Á












































M = (mjk)1≤j ≤n
1≤k ≤m






M ∈ Mn,m(R) ÇF§¨_}y M∗ = M t Á






















nj ∈ R3 mdy|{b§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Vj = Vdj ∪ Vmj ∪ Vaj
Á
Vdj ∩ Vmj = Vdj ∩ Vaj = Vaj ∩ Vmj = ∅
Á
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t ∈ R3 mJy{b§0~k_l
F§¨m°k~k¨{}F¨}m5y_{~Q{m°¦ Σjk §§F~_{bzm Cj ÃFmJ}y Ck Á


































































































y}ikJlÎkmVm#mZ³¾ﬁ_~z¨{F~ kmgy|{¹k§É{})zm©{|wxSmÈŁ ,Ì'µﬁÁ²&¥ z{}mª{JÇe§Î}m#k}Jym#~Q{M{F~ mJ~
ö'ö ç0Z[\]$^
S  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	





































km-{|wxSm   SFk°§mJy¼k}F¹k§j#lmJy°zm0k}FF_{F~gc¥ F~zmJy¼m#~zFl
F¨~km&{mJl_mJ§mJ~)yF~gzm
§m#.#Fﬁ{jJmiQwxSm#}¹_§¨QkmFÇ[mJ~ y#¥ ¨~yk~Q{.zmJylﬁ{}ikzzmJyÂz#Ã_m#§FkS#mdy&SF.§¨mdyk}F¹k§j#lmJy






























Ã_F§klmJye×~ky°³  [µ­kky}_%¥ mJ§¨§mp{}}FÉ{}mr§0zy}ﬁ_~Q{~QÉ{}pm#~Q{}m°ﬁmJ§¨§k§mJyÃF_y¨~mJyVﬃk~km°k@«z¨®
l























pm#§likF§¨{ _Ç%§mJyﬀl#{ikzzmdy  ´~km.Sm#kÃ_m#~Q{-JÃQ¨{mJﬀk~;m Sm#{&zm.SF§§z{F~Î~xkl#}_m
§¨_}y}Qkm
§¨m

















































































































































































¿d  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	

























































































3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3






































E = E(x, t)
§mﬀil#§mJ·{}QkmFÇ
D = D(x, t)
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F#m#lm#~Q{#§mJﬁ{}Qkm_Ç
H = H(x, t)
§¨mﬀill
FF~k#{_mFÇ
B = B(x, t)
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QkmFÇ
J = J(x, t)
§
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Nx =
 0 0 00 0 1
0 −1 0
 , Ny =
 0 0 −10 0 0
1 0 0
 , Nz =
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∂t(G0W ) + Gx∂xW + Gy∂yW + Gz∂zW + KW = −KW  + (  6 −G0)∂tW 
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(pG0 + K)W dx +
∫
∂Cj

















































































¿d  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	

















































(|Gn|W , W )ds +
∫
Ωh
((νG0 + K)W , W )dx = 0,
³|¿F¿@µ
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(|Gn|W , W )ds +
∫
Ωh







((GjkW k, W j)− (GjkW j , W k)) ds = 0,
³¿#Qµ
ky}Qkm
Gkj = −Gjk mﬁ{







(GjkW k, W j)− (GjkW j , W k) = (GjkW k, W j)− (GjkW k, W j)
= 2=((GjkW k, W j)),
m#{¼ky}Qkm0§¨mdyrl
{}#mJy |Gn| mﬁ{ (νG0 + K) yF~Q{°ikm#}lÉ{}¨mJ~k~kmJy³K#°ywQl#{}Qkmdyr}#mJ§¨§mJyµ·ÇSF~
#F~y{}{mÂQkm§ª{mÂ}#mJ§¨§mÂzm§K¥ JQ{F~Ï³|¿JQµﬀmJy{&mﬁ«k_·{mJlm#~Q{-§ª}m#§M{F~Î}mJim#ik#m_Á¤rJÇ
~y°§l0mdym0F¸§¨mdy°l
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U ∈ Vh   & ﬁ ﬀﬃ(')ﬁ* W h ∈ Vh









((pG0 + K)W j , U j)dx −
∫
Cj














(|Gjk |W j , U j)ds = 0.
³¿dFµ
ö'ö ç0Z[\]$^
¿;S  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	
 ' ﬂ* 























((pG0 + K)W j , U j)dx −
∫
Cj










































((pG0 + K)W j , U j)dx −
∫
Cj



















((G+jkW j + G
−






G−jkW k = 0
ÁFemJ~~Q{#m#§5m#~
#Flz{}m°~yﬃ§D¥ dQM{}¨_~³¿ HµﬁÇkF~F¹k{m#~Q{ 
∫
Cj
((pG0 + K)W j , U j)dx −
∫
Cj













































((pG0 + K)W j , U j)dx −
∫
Cj































((pG0 + K)W j , U j)dx − 2
∫
Cj






























((pG0 + K)W j , U j)dx − 2
∫
Cj
























a(W , U) + b(W , U ) + c(W , U ) = 0,
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a(W , U ) =
∫
Ωh
((pG0 + K)W , U )dx,
b(W , U) =
∫
Ωh
(−F (W ),∇U )dx,

























%ﬂ'  %*  <(a(W , U )) =
<(b(W , U )) 
 x    uxÆ_~~kF{m
b˜(W , U) = b(W , U )− a(W , U ) F~Sm#z{bÃ_F º Fﬁ§m#lm#~Q{bQkm 





F (W ), U )− (F (W ),∇U )) dx,
mdy|{bzm5{m¼}#mJ§¨§m°~xk§¨§m5m#~lF~Q{~Q{bQkm
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<(a(W , W ) + b(W , W ) + c(W , W )) = 2
∫
Ωh




(|Gn|W , W )ds = 0,
³DFFµ
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<(a(W , W )) =
∫
Ωh
((νG0 + K)W , W )dx.
³KFË_µ
V~©_z{}m 
(GjkW k, W j)− (GjkW j , W k) = (GjkW k, W j)− (GjkW k, W j) = 2=((GjkW k, W j)),
m#{bF~F¹z{}¨mJ~Q{Qkm 
<(c(W , W )) =
∫
∂Ωh
















































































































































E(b) = (ξ − 1)E

(b)
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∂t(εE)− ∂xH = 0
∂t(µH)− ∂xE = 0
E(b) = (ξ − 1)E

(b)







∂t(ε0εrz0H0E˜)− ∂x(H0H˜) = 0
∂t(µ0µrH0H˜)− ∂x(z0H0E˜) = 0
[z0H0E˜](b) = (ξ − 1)[(z0H0E˜  ](b)
[z0H0E˜ − z0zrH0H˜ ](a) =





















[z0H0E˜](b) = (ξ − 1)[(z0H0E˜  ](b)












∂t˜(εr)E˜ − ∂x˜(H˜) = 0
∂t˜(µrH˜)− ∂x˜(E˜) = 0
E˜(b) = (ξ − 1)E˜

(b)















































































































ii−1 i+1 N N+1N−1
N−1/2 N+1/2
0 1 2
1/2 3/2 i−1/2 i+1/2
a b
C i
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≈ W (xj± 1
2
)
µ·Á e~-~_{}#_}F~_{§K¥ JQ{F~Â³DQµ%yk§¼ﬁmJ§¨§k§m {Cj}1≤i≤N Ç@F~&F¹z{}¨mJ~Q{ ∫
Cj
















F (W (xj+ 1
2

































































j ∈ {2, ..., N − 1} 





⇔ iω∆xjθjWj + 1
2
(AWj+1 + AWj)− 1
2
(AWj + AWj−1) = ∆xjSj ,
³KËk¿dµ
#m5_%zF~~km 


























































































x+ = max(x, 0)
mﬁ{
x− = min(x, 0)
SF
x ∈ R Ç
_~Qkm
x = x+ + x−


























m#{ |M | = P |Λ|P−1 Á­Ł­mJy
l
{}#mJyÃFJ¨×m#~Q{¹km#~
M = M+ + M−








 , M− = 1
2

























































W (a) ≈ W 1
2
= (W0 + W1)/2
9
W (b) ≈ WN+ 1
2
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= M−1 θ1W1 + ξM
+
1 θ1W  = M
−



















































= M−1 θ1W1 + ξγ 1 .
³KËF_µ
V~©~M|md·{}F~Q{5³KËFQµﬃk~yﬃ§zm#}~kj#}m°JQM{}¨_~km³KËFQµ·Çk_~_¹z{m#~Q{





⇔ iω∆x1θ1W1 + 1
2













AW2 = ∆x1S1 + ξγ 1
⇔ (2iω∆x1  2 + M1 − 2M−1 ) θ1W1 + AW2 = 2(∆x1S1 + ξγ 1 ).
ö'ö ç0Z[\]$^
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(2iω∆x1 + c1) θ1W1 + AW2 = 2
(































































































= PNWN + (1− ξ)γ N .
³KË+S_µ
V~©~M|md·{}F~Q{5³KË+SQµﬃk~y5³KËFFµﬁÇkF~m#~©zdzk¨{ 







































(2PN −A)θ−1N = RN
mﬁ{pz_~ 
−AWN−1 + (2iω∆xN  2 + RN ) θNWN = 2
(























(2iω∆x1 + c1)θ1W1 + AW2 = 2(∆x1S1 + ξγ 1 ),
−AWj−1 + 2iω∆xjθjWj + AWj+1 = 2∆xjSj , SFk 2 ≤ i ≤ N − 1,



































































































(iD1 + Z1)W1 + AW2 = 2(∆x1S1 + ξγ 1 ),
−AWj−1 + iDjWj + AWj+1 = 2∆xjSj , SFk 2 ≤ j ≤ N − 1,






AW = b ³»xFµ
_¸ A Ç W mﬁ{ b yF~Q{bz_~k~kJyb 
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A =

iD1 + Z1 A
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A Ák,Fk º _ﬁ§¨¨{mJbﬁmﬁ{{mﬀzJlF~y{M{F~%ÇQ_~2¨~Q{}zzk¨{§¨mdyl




























2 . . .
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2 DN













































































































 x    uxkQy_~y¼_m AW = 0 SF W ∈ C2×N Ácq©_~_{}_~ypQkm Wj = 0, ∀ j ∈ J1, NK Á
¤r~2ﬁ_~y{}M{}m5k~yﬃ~mJl0m#ﬃ{}m#lybQkm 





iD+R ∈ iR Á@²&¥ z{}mﬃF{dÇdky}Qkm Z mdy|{[k~kml
M{}ﬁmJm#§§¨mS_yÉ{}¨Ã_mFÇ@F~0rQkm ?WZW ∈
R+
Á V~5}JyklFÇ <(W ∗AW ) = W ∗ZW mﬁ{ i=(W ∗AW ) = W ∗(iD+R)W ÁJ²rF~ W ∗AW =






















j ∈ J3, N − 1K Á
uzkkS_yF~yz_~°Qkm
Wj−1 = Wj = 0
Á¤r~§Fy 
AW = 0 ⇒ (AW )j = 0 ⇒ −AWj−1 + iDjWj + AWj+1 = 0 ⇒ AWj+1 = 0 ⇒ Wj+1 = 0.
V~ª#F~#§¨yF~ÆÇx§D¥ ixwxS{ijJym°km5dﬁk}mJ~ﬁm¼mJy{bÃx}F¨m¼mﬁ{pkF~ 
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ykkS_y#mdyﬃ§¨~kdmJl0mJ~Q{~zJmJ~k~Q{}mJybQkÆmJ~kFmJ~z}m#~Q{ﬃk~2mJyF#m¼~{ Pj = Pm[Cj ] 































F (W (x))(ϕj )xdx +






























F (W (x))(ϕj )xdx + Fj+ 1
2








φj = (ϕj1, ϕj2, · · · , ϕjdj )
§&¹Fym°§¨z#F§¨m°zm Pj ÁknpFyF§¨§F~y­}m#lk§F#m#ﬃy Cj W
y_~Fkk}@«z¨l
M{}¨_~
Wj ≡ Wj(x) z#×~kÆF5³»__µ·Á¶§ÆyJ¥ F¨{ﬃlF¨~Q{}m#~F~_{bc¥ ~M|mJﬁ{m# Wj ~y
§D¥ JQM{}¨_~³¾_FµﬁÁnbF{}m°k_¹k§j#lm°mJy{p§Fykm°im#ikm#







F (W (x))j(ϕj)xdx + Fj+ 1
2
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ËF  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	







 %&ﬁﬀﬃ2'  %'  

ﬂ ﬀﬃ*/ &01 %'+ﬀﬃ'   $0*  $ﬂ* &ﬁ*
W

%* 	+ﬃ* ' $%&ﬁ*  $  $&ﬁ1 
'* %')	%* 

'      







'*'  ﬁﬀﬃﬂ ﬀﬃ*/ %0ﬂ1 ﬀﬃ &0')0*  ﬂ'  &ﬁﬂ
ﬂ&+0ﬂ  !&  $ ﬀﬃ 
C1




   $&ﬁ1 
W
ﬀ



























































= −c1θ1W−1 + 2ξM+1 θ1(W  )−


























































































































































































































































φj = (ϕj1, ϕj2, . . . , ϕjdj )
t Á V~;~M|md·{}F~Q{0ﬁm#{{}mÂmﬁ«zk}mJy}y¨_~È~y
³Dz¿JµﬃQk'&#{5k}JF§F¹k§m#lm#~Q{ﬃl-k§¨{k§¨Jm5pkÇzF~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Φtj = Φj ,
(Φ′j)
t = −Φ′j ,
(Φ±j )
t = Φ±j ,
(Φj,j±1)






































2 ≤ j ≤ N − 1, 2iωθjWjΦj + AWj(Φ′j)t + AWj+1Φj+1,j −AWj−1Φj−1,j = 2SjΦj ,
³¾QFµ
2iωθNWNΦN + AWN (Φ
′
N )
t −AWN−1ΦN−1,N + R¯NWNΦ+N = 2
(































~{ ℵ ÇQkc{~y º _lm°§0l
M{}ﬁm Wj = (Wj1, Wj2, . . . , Wjdj )
m#~2k~©ÃFmd·{}m#kb#F§F~k~km
W j =
(Wj1, Wj2, . . . , Wjdj )
t ∈ C2×dj ÁFÌe¥ Fkk§JM{F~ ℵ J_~¦¼§°k}FS_y¨{F~¿#5zm§D¥ F~k~kmﬁ«zm HxÁ HxÁ¿Á
e§¨§m
º
FÉ{¨~Q{mJÃ_m#~kVk~ÂkzzÉ{­km °}F~kmd±Fm# ⊗ Ç_§¨É® lÄ#lmpm#«x§¨ﬁ¨{pkF~ye#mﬁ{{mp_Qy¨{F~ÆÇ_mﬁ{
Ã_#}É×m&§Fy ℵ(Wj) = W j ÁÆ²&¥ z{}m0{JÇIy}FiF~_{°Qkm&§D¥ F~)#F~yzj#}m-k~m º _l&k§{F~ª_¸ m
mdy|{ﬃ×k«z5SFkﬃ{}Fz{}mJyﬃ§mJyb#m#§§¨§¨mdy#Çz~k_yﬃSFkÃ_F~yﬃdﬁ}¨}m¼Qkm
dj = d








2iωℵ(θjWjΦj) + ℵ(AWj(Φ′j)t) + ℵ(AWj+1Φ+j+1,j)− ℵ(AWj−1Φ−j−1,j) = 2ℵ(SjΦj) ⇔(
2iω Φj ⊗ θj + Φ′j ⊗A
)
W j + (Φ
+







2iω Φ1 ⊗ θ1 + Φ′j ⊗A + Φ−1 ⊗ Z1
)
W 1 + (Φ1,2 ⊗A)W 2 = 2(Φ1 ⊗  2)Sj
+ 2ξ(Φ−1 ⊗M+1 )θ1W  ,
³K_Fµ
m#{-³¾_ËFµmJy{JQkÃ@F§¨mJ~Q{mﬀ¦ 
(2iω(ΦN ⊗ θN ) + (Φ′N ⊗A) + (Φ+N ⊗ R¯N )
)
W N















2ω Φ1 ⊗ θ1  2d . . .  2d




















2d . . .

2d 2ω ΦN ⊗ θN


































Φ′1 ⊗A Φ1,2 ⊗A

2d . . .

2d

























Á −ΦN−1,N−2 ⊗A Φ′N−1 ⊗A ΦN−1,N ⊗A

2d . . .






-³¾F_µ ®·³¾Qµ ®·³¾_Fµ'mJz{[m#~#F}m­yJ¥ dﬁ}¨}mVmJ~ﬁ_my_y§ º F}l0m
A = iD + Z +R Ç#Fllmﬀk~yﬃ§mﬀ#_yﬃzm5§0lﬁ{}ikzzmﬀzm5Ã_F§klmJy­×~ky#Á
²¼~yﬁm)_¼yk¨{JÇF~Ïm#«x§¨ﬁ¨{mﬁmJyÂl
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1 0 iω∆x1ε1 −3
0 2iω∆x1µ1 + 3z1 −3 iω∆x1µ1
iω∆x1ε1 3 2iω∆x1ε1 0
3 iω∆x1µ1 0 2iω∆x1µ1
 ,
• A1,2 =











 , ∀ j ∈ J2; N − 1K,
• Ajj =

2iω∆xjεj 0 iω∆xjεj −3
0 2iω∆xjµj −3 iω∆xjµj
iω∆xjεj 3 2iω∆xjεj 0
3 iω∆xjµj 0 2iω∆xjµj
 , ∀ j ∈ J2; N − 1K,
• Aj,j+1 =




 , ∀ j ∈ J2; N − 1K,
• AN,N−1 =








2iω∆xNεN 0 iω∆xNεN −3
0 2iω∆xNµN −3 iω∆xNµN
iω∆xNεN 3 2iω∆xNεN −3
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W = (W t1 , W
t





j ∈ J1; NK W tj = (W 1j , W 2j )t
@ÃFmd




 &1 &ﬁ(ﬂ'  $ A 	 .*')"&0ﬂ A = iD + Z + R   $&0ﬂ & % %ﬂ' &ﬁ*    %12&  &0 ﬂ ﬁ'*
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




%ﬂ$'   
 x   Åq©_~Q{}F~yF}J#k}mJ~ﬁmyk
j
SF
j ∈ J1, N−1K Qkmﬃy AW = 0 SFk W ∈ C4×N
F§¨_}y
Wj = Wj+1 = 0
Á
¿FÁﬃ,Fk§m5k}m#l¨mJ}F~kzm5§0}J#k}m#~ﬁmFÇx~k_y@ÃF_~y 
AW = 0 ⇒ W ∗AW = 0 ⇒ W ∗(iD+Z+R)W = 0 ⇒ W ∗(iD+R)W +W ∗ZW = 0.
Ì%Îl





W ∗(iD +R)W ∈ iR ÁSŁ­mdﬁÆmJ~Q{ ÷~km5zF~5Qkm <(W ∗AW ) =
W ∗ZW mﬁ{ =(W ∗AW ) = W ∗(iD +R)W Á
V~ﬁ_~ydQkm#~#mFÇ
WAW = 0 ⇒ W ∗ZW = W ∗(iD + R)W = 0 Ápuxﬀ_~´yJ¥ ~Q{#®
mdyym¼k§¨y{ﬁ§¨j#}m#lm#~Q{¦
W ∗ZW Çz~k_yﬃF¹k{m#~F~yﬃmJ~zJÃFmJ§¨_k~Q{Qkm W ∗ZW =
W ∗1Z11W1 = W ∗1 (Φ−1 ⊗ Z1)W1 = 0
Ák²rm5§¦0_~Â{}¨}m
W 11 = 0
Á
qª~Q{mJ~~Q{JÇz~Fy@Ã_F~yﬃyy 
AW = 0 ⇒ ∀ j ∈ J1; NK , (AW )j = 0 ³»m#{bm#~2F{}#k§¨m#ﬃSFk j = 1 µ
⇒ A11W1 +A12W2 = 0
























det C = −(ω
2∆x21
c21









W 21 = 0
mﬁ{¼§K¥ k{}mﬀ#Q§É{}FÇF§¨_}y
¨§%mJy{b#Ãxkm#~Q{b_m
W 12 = 0
Á
















W 1j+1 = 0
Á
qªy5Ãx;Qkm




W 2j = 0
mﬁ{
W 1j+1 = 0
y}FiF~_{
Qkm 
AW = 0 ⇒ ∀ j ∈ J1, NK , (AW )j = 0 ³»mﬁ{bmJ~2{ﬁk§m#SFk j ∈ J2, N − 1K µ
⇒ Aj(j−1)Wj−1 +AjjWj +Aj(j+1)Wj+1 = 0






















W 1j+1 = 0
Á
ËkÁ ¶§%~km5}mJy{m°k§yr_%¥ ¦0lF~Q{}m#bQkm
W 2N = 0
y}FiF~_{bQkm5SFk
j ∈ J1, N − 1K Wj = 0 mﬁ{
Qkm














W 2N = 0.
³KOHµ
¤r~©¹SFz{}É{bﬁ_ll0m5dﬁJkm#llm#~Q{b¦




















W = W 
  + ξW  ,
W ≡ W 
  y ξ = 0,
W ≡ W  y ξ = 1.
ux%F~~k{}m 
ö'ö ç0Z[\]$^
x  P 0 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= 0 ⇔ n× (E + (1− ξ)E

) = 0
⇔ n×E = (ξ − 1)n×E

⇔ n× (z0H0E˜) = (ξ − 1)n× (z0H0E˜  ).










⇔ n× (E − ξE

) + zn× (n× (H − ξH

)) = 0












εr → ε Ç µr → µ Ç cr → c m#{ zr → z Çk#mﬀ_ÆzF~k~m°×~§m#lmJ~_{bFkjdyylk§É×JM{}¨_~ n×E = (ξ − 1)n×E 
yk
Γm,























F (W ) + KW = S,
³¾FQµ
_¹¨mJ~mJ~ﬁ_m 




































zﬁjdzmÂ#Fllm.m#~ ¿d² F¥ mdy|{® ¦® z}mQkm§K¥ F~;_yyzﬁm.¦
Γh









































F (W ).nds = VjSj
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[NjkEj + NjkEk] .
³ H@Qµ
¤r~2~_{}zzÉ{



















































SjkF jk = VjSj ,
³ HFµ
@Ã_mJ
F jk = Mjk
(



























k ∈ Vmj ∪ Vaj
Ç







































∀ (j, k) ∈ I × Vmj : W k =





























































Ó x  ∀ (j, k) ∈ I × Vaj :
(M jjk)
−θj
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Υjk













W j + (1− ξ)Υjk









































































(MjkW j + MjkW k) =
1
2










































[( −εjN2jk z−1j µjNjk
−zjεjNjk −µjN2jk
)











































(MjkW j + MjkW k) =
1
2

















W j + 2(1− ξ)






































































∀ (j, k) ∈ I × Vaj : F ajk = (M jjk)+θjW j + ξ(M jjk)−θjW  ,
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SjkMjkW k + γ j = VjSj ,
SFb¹SFz{}¨bFy}ik#l
yk¨ÃMF~_{kSFﬃ{Fk{













W j + ∑
k∈Vd
j














b ∈ C6×N §m









(AW )j = bj @Ã_mJ A = iD + Z +R mﬁ{ 
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³¾µ D mJy{#§F¨}m#lm#~Q{Âz_F~F§¨m©Â¹§¨z#yJÇ­@Ã_mJ Djj = 2ωVjθj _rmdy|{ywxlﬁ{}_mgzﬁ×~k¨m
S_y¨{ÃFmFÁ¤r~2zF~5_m D mdy|{pywxl0#{}Qkm5z#×~km5Qy¨{ÃFm_Á































k ∈ Vdj ,
0
SFk
k ∈ I\({j} ∪ Vdj ).






∀ j ∈ I , Rjj mJy{p~Q{ywxlﬁ{}Qkm°mﬁ{ ∀ (j, k) ∈ I2 , j 6= k , Rjk mJy{pywxlﬁ{}Qkm
²&¥ Fz{}mp{JÇQ~kFy­@ÃF_~yVyyQkm Rji = −Rjk kkyQkm Mji = −Mjk Ák¤r~.mJy{­mJ~.lmJyk}m
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U (x, y, z) = U 0e
−ik.(x,y,z)t .














































































































ky}ﬁ}mﬁ{§&}m#§M{}¨_~ ∇( z¨Ã E) = 0   ÇzF~2_¹z{m#~Q{
ω2Ej,l,m = c
2
(−Ej−2,l,m + 2Ej,l,m −Ej+2,l,m
4∆x2
+
−Ej,l−2,m + 2Ej,l,m −Ej,l+2,m
4∆y2
+
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{
iωE −∇× (µ−1H) = 0
iωH +∇× (ε−1E) = 0
⇔







⇔ ω2E + c2 (∆E −∇( zÃ E)) = 0,
⇔ ω2E + c2∆E = 0 ( yFyﬃ§D¥ iQwxS{}ikjJym ∇( zÃ E) = 0),
kF~Q{§0zy##{y{F~ÂmJ~kI#}m#~#mJy#m#~Q{}#mdyF¹_z{¨{b¦2³)S_Fµ·Ç#m°Qkcl_~_{}m¼§m¼§m#~{}jJyﬁ{}_É{






−Ej−2,l,m + 2Ej,l,m −Ej+2,l,m
4∆x2
=
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ymd·{F~©zÁ ÁßxÁnpFy#F~yz#}F~yﬃzm°~k_kÃFmd§K¥ JQ{F~ 
iωθW +
z¨Ã





































F (W ) · ∇ϕjdx +
∫
∂Cj






φj = (ϕj1, ϕj2, · · · , ϕjdj )






yk Pj ³¾zm&lÄ#lmFÇ Sj mJy{r§














































F (W )|Σjk ≈




  P 0 $&ﬁ* 0	
 &0*  ﬂ'.&0*/	












































(F (W )k · njk) ϕjds.
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j ∈ I m#{{_z{ k ∈ Vai




















= M2jkZjW j + ξMjk(

6 −MjkZj)W 
= M2jkZjW j + ξ(Mjk −M2jkZj)W 






j ∈ I m#{ﬃ{Fk{ k ∈ Vmj

MjkW k = MjkW k
= Mjk






W j + 2(1− ξ)













































































































































6 × dj µ°m#{ φj =
(ϕj1, ϕj2, · · · , ϕjdj )
ÁS¤r~2
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(W j1, W j2, . . . , W jdj )
m#~k~)Ã_mJﬁ{m#°#F§F~k~m
(W j1, W j2, . . . , W jdj )
t ∈ C6×dj Á'Ł­m}F~kFm#®
lmJ~_{e#F}mdySF~ﬀ{}FM|_k}y[¦°~0mJlk¨§m#lmJ~_{­V#Q_}kF~k~kJmJy,ym#§F~k~lÄ#lmbzm#_zmp§¨¹mJ{}FÁ
npFyﬃ_¹z{mJ~kF~y§Fy­_ _ﬁm°k}xkkÉ{pkm °}F~mJ±FmJ 








































































2iω(θj ⊗ Φj) +
3∑
l=1



























dj×dk ¹k§¨zJy[zm{}F¨§§m 6×6 Ánb_y[k} º J_~y,z{§ym#V§°k}m#lj#}m º _l&k§M{F~Qk
k{§¨ymek~ﬀ~k_m#lm#~Q{ÆF%ﬁxFz_~k~k#mdyckkyÆ'km#F}VzmV§¹mJ{}e§xJ§DÁV~ﬀS_y}~Q{


















































































2 1 1 1
1 2 1 1
1 1 2 1
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αlm = 0  
y#¥ ¨§y
yF~Q{#Qz«cÇ




Φj ⊗ θj = Vj
120Vˆ

2θj θj θj θj
θj 2θj θj θj
θj θj 2θj θj
θj θj θj 2θj
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ϕ1 = (1, 0, 0)
t, ϕ2 = (
y − yG
∆y
, 0, 0)t, ϕ3 = (
z − zG
∆z




ϕ5 = (0, 1, 0)
t, ϕ6 = (0,
x− xG
∆x
, 0)t, ϕ7 = (0,
z − zG
∆z




ϕ9 = (0, 0, 1)
t, ϕ10 = (0, 0,
x− xG
∆x
)t, ϕ11 = (0, 0,
y − yG
∆y
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U˜ = (U10 , U
2







iωH˜ = −ε−1T˜ E˜





0 0 0 0 −sz 0 −rz 0 sy 0 ry 0
0 0 0 0 0 0 0 −sz −12ry 0 −3sy 0
0 0 0 0 12rz 0 3sz 0 0 0 0 sy
0 0 0 0 0 −sz 0 0 0 sy 0 0
sz 0 rz 0 0 0 0 0 −sx −rx 0 0
0 0 0 sz 0 0 0 0 12rx 3sx 0 0
−12rz 0 −3sz 0 0 0 0 0 0 0 0 −sx
0 sz 0 0 0 0 0 0 0 0 −sx 0
−sy −ry 0 0 sx rx 0 0 0 0 0 0
0 0 0 −sy −12rx −3sx 0 0 0 0 0 0
12ry 3sy 0 0 0 0 0 sx 0 0 0 0



































ϕ1 = (1, 0, 0)
t, ϕ2 = (0, 1, 0)





, 0, 0)t, ϕ5 = (0,
x− xG
∆x







, 0, 0)t, ϕ8 = (0,
y − yG
∆y







, 0, 0)t, ϕ11 = (0,
z − zG
∆z











0 −sz sy 0 0 0 0 0 ry 0 −rz 0
sz 0 −sx 0 0 −rx 0 0 0 rz 0 0
−sy sx 0 0 rx 0 −ry 0 0 0 0 0
0 0 0 0 −sz sy 0 0 0 0 0 0
0 0 12rx sz 0 3sx 0 0 0 0 0 0
0 −12rx 0 −sy −3sx 0 0 0 0 0 0 0
0 0 −12ry 0 0 0 0 −sz −3sy 0 0 0
0 0 0 0 0 0 sz 0 −sx 0 0 0
12ry 0 0 0 0 0 3sy sx 0 0 0 0
0 12rz 0 0 0 0 0 0 0 0 3sz sy
−12rz 0 0 0 0 0 0 0 0 −3sz 0 −sx
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h → 0 Ç
m#{z_~rk~kmp}m#§M{}¨_~Âzm¼zySm#yF~Â_ywxlz{}{QkmpQF~
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(x) = (ηe, ηh)e












































<(e−ikx) = cos(kx) Áx¤r~z{}¨§ymb~
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N=200, f=100MHz, epsilon=mu=1 
solution exacte
solution P0



























N=200, f = 100 MHz, epsilon = mu = 1
solution exacte
solution P1



























































N = 200, f = 500 MHz, epsilon=mu=1
solution exacte
solution P1
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6×244, 608 = 1 467 648 §Fy[Qkm_ke§°lﬁ{}ikzzmp¯°²pp¿rﬁm~Fl-¹m
mdy|{



































































































f=100MHz, N=400, maillage non uniforme
solution P0
solution P1
























f=500MHz, N=400, maillage non uniforme
solution P0
solution P1
























f=1GHz, N=400, maillage non uniforme
solution P0
solution P1
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(i) EN+ 1
2



























= (ξ − 1)E

⇔ EN + EN+1
2






) EN + EN+12HN + HN+1
2












= (ξ − 1)ANW  .







X  &212&0ﬂ'  $
Njk
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X ∈ C3 
 'P0* * ﬁ  ﬂ  '  1 * X⊥  X//










jk)X = (njk .X)njk
%
X// = njk × (X × njk) = X − (njk .X)njk,
&0 ﬁﬂ$0* & #ﬀ
X// = −N2jkX
 	+ﬁ*   #ﬀ
X⊥ = (N
2









%01 ﬂ')#%ﬀ % *  O&0'

    &+	012  %

&ﬁ ﬀﬃﬂ$  ﬂ $ ﬂ % {0,−1,−1} 
 x   
³¾µﬃh'Fk{pc¥ F¹_}ÆÇ




















N3jkX = ((X × njk)× njk)× njk
= −(njk × (X × njk))× njk
= −(X − (njk.X)njk)× njk
= −X × njk
= −NjkX
⇒ N3jk = −Njk.
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W b0 = (

3, njk)
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 x    ¶§rmJy{.¨lSF{}F~_{.ﬁrzm©{@ÃM§¨§m#mJ~ Ã@F¹§¨mdy0#F~ym#}ÃMM{}¨Ã_mJyJÁ­¤r~½~Q{}zzk¨{ÂzF~
QE,jk ≡ QE,|Σjk = εjE|Σjk
m#{




















j njk×(njk×QH,jk)] = ξnjk×[njk×Q E +z−1j njk×(njk×Q H )]
zj(njk ×QE,jk) + njk × (njk ×QH,jk) = ξ[zj(njk ×Q E ) + njk × (njk ×Q H )]
⇔
 njk × (njk ×QE,jk)− z
−1
j njk ×QH,jk = ξ[njk × (njk ×Q E )− z−1j njk ×Q H ]















= ξ(N2jkQ E + z
−1
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k ∈ Vmj

(i) njk × (E|Σjk ) = (ξ − 1)njk × (E  )
(ii) Υjk
W j + W k
2




 3  3
)






























































W j + W k
2
)
= (ξ − 1)ΥjkW  .

   
#"















(A, B) ∈ (Mm×n(R))2 

!0ﬂ$







R ∈ Mm×n(R)  R  &0*' 01 ﬂ')#%ﬀ ⇔ (∀ X ∈ Rm×n  XtRX = 0) 
 x    ⇒ µuzkkS_yF~y R mdy|{pF~_{}ywxlmﬁ{}_m¼m#{by_É{ X ∈ Rm×n ÁS¤r~20Qkm 
XtRX = (RtX)tX = Xt(RtX) = −XtRX,
#m5_Æk}FkÃ_mr§m5dy§É{M{JÁ
ö'ö ç0Z[\]$^
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⇐ µuxkkS_yF~y_m ∀ X ∈ Rm×n XtRX = 0 Á¤r~2  (∀ (X, Y ) ∈ R2(m×n) 
(X + Y )
t
R(X + Y ) = 0 ⇒ Xt(R + Rt)Y + XtRX + Y tRY = 0 ⇒ Xt(R + Rt)Y = 0.
²&¥ Fk}jJy§Àk_Qy¨{F~ÏkÇ_~Ïm#~´zJzÉ{©Qkm








M ∈ Mm×n(R)  %  #%ﬀ ∀ (j, k) ∈ {1, ..., n}, j 6= k  (Mjj , Mjk)
ﬁ')%*  ﬂ  '

1 * &ﬁ*' $012(ﬂ')#ﬀ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01 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 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 %





&ﬁ*' 01 (ﬂ')#ﬀ 
 x    ¶§~FyVyzÍ{­zmpl0_~Q{}m#Vc¥ k}jJyV§¨m§m#llmﬀ¿J5Qkm ∀ X ∈ Rm×n F~
¨{ XtMX = 0 Á
uzÆF~Qym5F§¨_}y































Mjj ∈ Am(R) ⇒ M tjj = −Mjj
mﬁ{
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
ﬁ'
A∗ = −A  &ﬁ 0ﬂ$ ∀ X ∈ Cn , X∗AX ∈ iR 






2<(X∗AX) = X∗AX + X∗AX
= X∗AX + XtAtX
= X∗AX + X∗A∗X
= X∗(A + A∗)X = 0.
[b#F~yJQkmJ~Q{JÇ
X∗AX ∈ iR Á

   "   * -%1% #"  :











(−z−1j N2jk  3
 3 −zjN2jk
)
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= P ajk .




















































= −P mjk .
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(n, m, p, q) ∈ N4 
	   (A, B, W ) ∈ Mn,m(C)×Mp,q(C)×Mq,m(C) 


W = (W1, W2, . . . , Wm)










 ∈ Cqm  A⊗B =

a11B a12B . . . a1mB














	ﬀ ℵ(BWAt) = (A⊗B)ℵ(W)
 x   
(A⊗B)ℵ(W) =

a11B a12B . . . a1mB












































































l ∈ J1, nK Ç
§D¥ #_F§¨¨{5yJ§m¼k}Jﬁdzm#~Q{}m¼~FyﬃSm#}lmﬁ{pc¥ F¹z{}m#~k§D¥ J_§¨{°ÃFmd·{_m#§§m°ykÃM~Q{m 











a2jBWj , . . . ,
m∑
j=1
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9
xÕ  
• (A⊗B)t = At ⊗Bt
• (A⊗B)(A′ ⊗B′) = (AA′)⊗ (BB′)
• ux (A, B) ∈ GLn(C)×GLm(C) ÇF§¨_}y (A⊗B) ∈ GLnp(C) m#{bF~2 
(A⊗B)−1 = A−1 ⊗B−1
• (A, B) ∈ Sn(C)× Sm(C) F (A, B) ∈ An(C)×Am(C) Ç§Fy (A⊗B) ∈ Snm(C)
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P12 =

0 0 0 0 −αz αy
0 0 0 αz 0 −αx
0 0 0 −αy αx 0
0 αz −αy 0 0 0
−αz 0 αx 0 0 0




0 0 0 0 −βz βy
0 0 0 βz 0 −βx
0 0 0 −βy βx 0
0 βz −βy 0 0 0
−βz 0 βx 0 0 0




0 0 0 0 −γz γy
0 0 0 γz 0 −γx
0 0 0 −γy γx 0
0 γz −γy 0 0 0
−γz 0 γx 0 0 0





0 0 0 0 −δz δy
0 0 0 δz 0 −δx
0 0 0 −δy δx 0
0 δz −δy 0 0 0
−δz 0 δx 0 0 0




0 0 0 0 −z y
0 0 0 z 0 −x
0 0 0 −y x 0
0 z −y 0 0 0
−z 0 x 0 0 0









0 0 0 0 −zz zy
0 0 0 zz 0 −zx
0 0 0 −zy zx 0
0 zz −zy 0 0 0
−zz 0 zx 0 0 0







αx = n1x − n2x
βx = n1x − n3x
γx = n1x − n4x
δx = n2x − n3x
εx = n2x − n4x
zx = n3x − n4x
αy = n1y − n2y
βy = n1y − n3y
γy = n1y − n4y
δy = n2y − n3y
εy = n2y − n4y
zy = n3y − n4y
αz = n1z − n2z
βz = n1z − n3z
γz = n1z − n4z
δz = n2z − n3z
εz = n2z − n4z
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³¾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zmJ~_{bQkm D mJy{bywxlﬁ{}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9 ∀ j ∈ J1; N − 1K (Φ+j,j+1 ⊗A)t = (Φ+j,j+1)t ⊗At = Φ+j+1,j ⊗A
Á
Ł­mﬀQkÆyF~É×mﬀkF~°Qkm°_k
(j, k) ∈ J1; NK2 Ç j 6= k Ç Rjk = −Rkj Á















(Φ′N ⊗A + Φ+N ⊗ Q¯)
mJy{F~Q{ywxlﬁ{}Qkmrﬃ§¨~kd}É{}FÁ








G = (Gx1 , Gx2 , Gx3)
t ﬀﬃ* 1 &ﬁ(ﬂ'  $ 	+" &ﬁ'  6× 18  	 ﬁﬀﬃﬂ j = 1, 2, 3
Gxj
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"% ∀ (Q, φ) ∈ C6 × C6 
G(φ¯) · ∇Q = ( 	0'  G(Q)) · φ¯
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